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The polynomial functions f,, fz ,..., f,,, are found to have highest common factor h 
for a set of values of the variables x1, x1,..., x, whose asymptotic density is 
For the special case f,(x) = f,(x) = = f,(x) =x and h = 1 the above formula 
reduces to n,(l - l/p’“) = l/{(m), the density if m-tuples with highest common 
factor 1. Necessary and sufficient conditions on the polynomials f, ,f*,..., f, for the 
asymptotic density to be zero are found. In particular it is shown that either the 
polynomials may never have highest common factor h or else h is the highest 
common factor infinitely often and in fact with positive density. 
1. INTRODUCTION 
It is well known that l/<(m) is the asymptotic density of the set of m- 
tuples with highest common factor 1 (see, for example, CCsaro [ 1], Lehmer 
(31, Nymann [5] and Sylvester [6]). In the present paper a more general 
question is considered: let fi, f*,...,f, be polynomials with integral coef- 
ficients and let h be a positive integer. Then a formula is found for the 
density d(f, ,fi ,..., f,,,) of m-tuples (x,, x, ,..., x,) such that f*(x,), 
&(x2) ,..., f,(x,) have g.c.d. equal to h, namely, 
where p(f, h) is the number of solutions off(x) 3 0 (mod h). 
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Notation 
N is the set of natural numbers. 
N(x)= {ylyEN andy<x}. 
Nk(x) = N(x) x N(x) x ... X N(x), the Cartesian product of k copies of 
N(x). 
i 
x1, x2 ,..,, x,) denotes an m-tuple of natural numbers. 
x, , x2 ,**-, x,) is the highest common factor of x,, x2 ,..., x,. 
[x] is the integer part of x. 
p(f, h) is the number of solutions off(x) = 0 (mod h). 
N(x, h,f, ,f2 ,..., f,) is the number of m-tuples (x,, x2 ,..., x,,J such that 
h IA 1 <;Ci <x for i = 1,2,..., m. 
M(x, h,f, ,f2 ,..., f,) is the number of m-tuples (x,, x2,..., xm) E N”(x) 
and satisfying cf,(x,), f2(x2),...,fm(x,)) = h. 
d(h,f, ,.A ,...J,> = lim, +m (Wx, W, ,f2 ,...,f,J/x”$ and 4M m) = 4hf, 9 
f2 ,..,, fi), where f, =f2 = .., =f,, =J 
2. d(f, , f2 ,..., f,) AS AN INFINITE SUM 
The main result of this section is 
d&f, ,f2,...,fm) = $i g, u(j) 
JX 1 Af;: 9 $1 
jm - (2.7.1) 
J--I 
LEMMA 2.1. For any polynomial f, 
pdl; h) x - - p(f, h) 
h I I 
; < Nx, W) 
< wdf, h) ,--+min@V;h)(l-IXI,jXl) (h-pdf,k)), (2.1.1) h 
where {x/y} = x/h - [x/h] is the fractional part of x/h. 
Proof. The set N(x) can be partitioned into [x/h] + 1 sets, [x/h] of 
which have one number from each residue class mod h, and the remaining 
set of [x] - [x/h]h has all members incongruent mod h. 
Thus since the distinct m satisfying h If(m) include p(f, h) for each 
complete set of residues, 
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giving the left side of (2.1.1); but since the remaining set in the partition can 
provide only p(f, h) or [x] - [x/h]h <x - [x/h]h = h{x/h} elements, 
whichever is smaller, 
giving the right side of (2.1.1) also. 
LEMMA 2.2. 
Proof. 
M(x, M-1 of,,...&,) = c l 
(xr,x~,....x,)~N~(x) 
Cfl(xl)fz(xz),...fm(xm))=h 
by the well-known property of the M6bius function. 
=Cp(j) fi f 1 
j i=l x,=1 
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LEMMA 2.3. 
lx/h1 
M(x, h,f,,f, )...) f,) = x* c p(j) nE(g9jh) 
j=l 
m-l lx/h1 
+ c xr c P(.8p,w,fl,...,fm), 
r=o j=1 
(2.3.1) 
where 
Proof: Write 
S(f,, x, jh) = N(xJh.#J - 
xd.6 3) 
jh 
so that 
fi N(x, jh,jJ = fi xptiJh) + S(f. x jh) 1) 3 
i=l i=l 9 
=Xm nkdfi9jh) + m$' xrp (jh f 
(2.3.3) 
(.ih) 
I 
f ) 
9 ,,*-., m , 
r=O 
where 
Now, by 
X I-I We, x,jh). (2.3.4) 
IIl,f2 . . . . . Im-rl=11,2 ,.... ml-fin ,..., irl 
IKh~xJhl GPtivh) (2.1.1) 
each SY;,, x, jh) in the right side of (2.3.4) is replaced by pV;,, x, jh) and 
(2.3.2) follows; also (2.3.1) follows from (2.3.3) on applying (2.2.1). 
LEMMA 2.4. There is a natural number no such that 
w(n) < 
3 log n 
log log n 
for n>n,. 
This result is well known. 
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LEMMA 2.5 
pdf;, k) = o((deg.J)“‘k’), 
where u(k) is the number of prime divisors of k. 
Proof. Lemma 4(iv) of Hooley (21. 
(2.5.1) 
LEMMA 2.6. Forfixed h and any given E > 0, we have 
P,(jkf, ,...,f,> = ~tj-“+~), r = 0, l,..., m - 1, (2.6.1) 
and 
Ixlhl 
-xl P(j) P,(jh,f, YJ,) = o(x), 
.,% 
r = 1, 2 ,..., m - 1. (2.6.2) 
Proo$ From (2.4.1) and (2.5-l), forjlt > n,, 
fi /N.fJh) = Ott@) (3logdegnl”,lfi)/loglog(jh) > 
i=l 
= o(f). 
Thus from 
(3.2.2) 
which is (2.6.1). Thus we may write 
I P,.tjkf, ,...&,)I <jF+’ for j > n(E), (2.6.3) 
and so choosing E < 1, it is clear that, for r > 2, since c, L j-‘+’ is 
absolutely convergent, (2.6.2) holds. For r = 1, 
i.e., 
for x > n(c), 
< O( 1) + 0(x’ log x), 
and so (2.6.2) follows for r = 1 also. 
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THEOREM 2.7. For m > 2, 
Proof: 
wx, “$c2 T... ,fm> = ‘2’ p(j) IILl(.y4 
j=l 
+C Xm - 
x'h ~,(.Afl,... &I + o(x) 
X m-r’ j=l 
if m > 2 by (2.6.2), and (2.3.1). 
Now by (2.6.1) 
‘ff’ pclbwl ,...,fm> = ‘$y o(jE) = o(x- m + , + ‘) 
Xrn m 
3 
j=l j=l x 
so 
exists, since for suffkiently large x, 
Ix/h1 
c pLl(j) IXLpdf,,jh) <i 2 1 
j=l j”h” 
- + K(x), ’ h” j=n(r) j”-’ 
which is absolutely convergent; further, as x * 03, 
converges to the right-hand side of (2.7.1). 
COROLLARY 2.8. 
d(f,,f, ,..., f,,=‘F p(j) n’=)~lr,“). 
i=l 
COROLLARY 2.9. 
(2.7.1) 
(2.7.2) 
(2.7.3) 
(2.8.1) 
(2.9.1) 
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COROLLARY 2.10. 
d(f, m) = 5 p(j) ( y) 7 
j=l 
493 
(2.10.1) 
3. AN INFINITE PRODUCT FOR d(h,f,,f,,...,f,) 
We convert the sum (2.7.1) into an infinite product whose positivity can 
be readily established. 
THEOREM 3.1. 
(3.1.1) 
Proof. Write j =j,j,, where (j, ,j2) = 1 = (j,, h) so that (2.7.1) may be 
rewritten as 
(3.1.2) 
since we may suppose j, square-free, and both pdf;:, d) and y(d) are 
multiplicative functions: but then 
since both the series and the product are absolutely convergent, and hence 
(3.1.1) follows. 
LEMMA 3.2. For fixed h and f such that p(f, h) z 0, the function 
p(d) s(4.L h), where 
(3.2.1) 
is multiplicative in d. 
Proof. We may suppose without loss of generality that d is square-free. 
Hence d = d, d, with d, ( h and (d2, h) = 1; thus 
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= PM 4 h) pdf, 4h) 
4 P(.L h> 4pU h) 
= ~(4 ,.A h) 44 ,.A h). 
Since 
is clearly multiplicative, we deal only with ,u(d,) s(d, ,f, h). Now if 
h=py’pT= . ..p.k, 
where pi (i = 1,2,..., k) are distinct primes, we have 
P(.L h) = fj P(JPPP’), 
i=l 
while 
Hence 
= fl P(P) S(PJY h). 
Pldl 
Consequently ,u(d)s(dJ, h) is multiplicative. 
LEMMA 3.3. If for i = 1,2 ,..., m, we have p(h, h) # 0, then 
= FI;“=, P(.& h) 
h”’ fl(l- S(P& 7 h) s(p,fz> h) s(P&,, h)). plh 
(3.3.1) 
THE HCFOF POLYNOMIALS 
= FIEip(L,h) 
h” 
c N)s(d,f,, h) s(d,f,, h) ... St4 d,, h) 
dlh 
= lX’L~p(.h,h) 
h” 9 (1 - W,f,, h) s(d,f,, h) ... s(d,f,,,, h)) 
49s 
since 
m  m  
p(d) n s(d,f,, h) =p(d)“+‘-‘)m)‘2 n p(d) s(d,fi, h) 
i=l i=l 
is multiplicative by Lemma 3.2. 
THEOREM 3.4. If pGfi, h) # 0, for i = 1,2 ,..., m, then 
where pup (1 h. 
Proox Equation (3.4.1) follows by substituting expression (3.3.1) for the 
finite sum 
c p(d) I-K 1 pt.&, dh) 
dlh WY” 
in (3.1.1). 
COROLLARY 3.5. The density d(h, f, , f2 ,..., f,) is positive except for the 
following cases, when it is zero: 
(i) For some i = 1,2 ,..., M, pdfi, h) = 0. 
(ii) There is a prime p,p”p 11 h such that for each i = 1,2,.... m, 
P(&VPaD+l) =PP(J;:,P”p) 
(iii) There is a prime p with pjh and such that for all i = 1,2,..., m, 
P(.GP)=P. 
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Proof: From elementary congruence considerations, it is clear that if 
P(& h) = 0 for some j = 1,2 ,..., m, 
then 
pt.& dh) = 0 for any d E N, 
and certainly 
zpu(d) EIi=~dA,dh) =. 
dlh d” 
and so from (3.1.1) 
d(h,f, ,A mLJ = 0. 
If, however, (i) does not hold, 
the infinite product 
then (3.4.1) holds; moreover as 
PUP) 6 deaf, 
is absolutely convergent. Hence d(h,f,,...,f,) is positive except when one or 
more factors are zero. Thus either (ii) or (iii) must hold for the density to be 
zero if (i) does not and indeed d(h&,...,f,) is then zero. 
4. THE ZERO DENSITY CASE 
It is clear that there can be no m-tuples (xl, x2,..., x,) for which 
V;(x,),fi(xZ) ,..., f,(x,)) = h if either (a) fi(x) = 0 (mod h) has no solution 
for some i = I, 2,..., m or (b)h(x) h as a fixed prime factor p, where p%h for 
each j = 1, 2,..., m. Conditions (a) and (b) correspond to conditions (i) and 
(ii) of Corollary 3.5, but condition (ii) remains to be discussed. This is 
accomplished by the following. 
LEMMA 4.1. Suppose {T,, &,..., &,} of cardinal n > 0 is a complete set of 
(incongruent) solutions of 
f(x) = 0 (mod pap). (4.1.1) 
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If for some integral polynomial g(x) and jixed & E S, we have 
f(x) E (X - C)” g(x) (modp), (4.1.2) 
then either every member of Si = (& + tp”” IO < t <p - 1) is a solution of 
f(x) = 0 (mod pQD+‘), 
or else no member is a solution. 
(4.1.3) 
If, on the other hand, (4.1.2) does not hold for any integral g(x), then for 
fixed Ti exactly one member of Si is a solution of (4.1.3). 
Proof. The result follows readily by applying elementary congruence 
considerations to the Taylor series expansion off(<, + tp”“) about the point 
x = 4). See, for example, Nagell [4]. 
LEMMA 4.2. If cl, I& ,..,, <, are as in Lemma 4.1 (so that 
n = p(f,p”p) # 0), then the equality 
P(f, pap+ ‘) = PP(f, P”“)? (4.2.1) 
holds if and only if for some integral polynomial g(x) we have 
f(x) -g(x) ic (x-C)* (modp) (4.2.2) 
and 
f (ri + tp”‘) z 0 (mod pep+ ‘) 
for t = 0, I,..., p - 1 and each i = I, 2 ,..., n. 
(4.2.3) 
Proof. Since every solution of (4.1.3) is a solution of (4.1.1), it is clear 
from Lemma4.1 that (4.2.1) holds if and only if the congruences (4.2.3) 
hold; but this means that (x - &)* divides f(x) (modp) for i = 1,2,..., tz. 
Thus (4.2.2) follows from uniqueness of factorization (modp). 
LEMMA 4.3. Every solution of (4.1.1) is also a solution of (4.1.3) if and 
only if (4.2.1) holds. 
Proof If (4.1.1) and (4.1.3) have the same solution set, this set can be 
divided into p times as many congruence classes modulo ppp+’ as it can 
modulo ~“0, since clearly 
if f (x,,) = 0 (modp”e) 
then f (x, + tp) s O(p”p), t = 0, 2,..., (p - 1); 
that is, (4.2.1) holds. 
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On the other hand, if (4.2.1) does hold, by Lemma 4.2 so does (4.2.3) and 
so to whatever congruence class modulo pap+ ’ a given solution u of (4.1.1) 
belongs, u is also a solution of (4.1.3). The case p(Jpnp) = 0 is trivial. 
From Lemma 4.3, it is apparent that whenever Corollary 3.5(i) does not 
hold but (ii) holds, then if h 1 V;(~,),f~(x~),...,f~(xm)), there is a prime p ( h 
such that ph ( (fi(~,)&(x~),...,f(x,J). This means that 
(fi(x,>,fi(xz),...,fm(X,)) = h 
cannot hold for any m-tuple (x,, xz ,..., x,). We may also draw the following 
conclusion: 
PROPOSITION 4.4. For given h E N and given polynomials f, ,f*,..., f, 
over Z the equation 
dfi(x,),fi(xz),...,fm(xm)) = h (4.4.1) 
has either 
(4 no solution, or 
(b) an infinity of solutions where density is given by 
(3.4.1) 
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